
 

8 Chern Simons theory and connection
on surfaces

To define Chern Simons theory we need
3 ingredients

compact oriented 3 manifold M
compact simple gauge group G
P principal G bundle over 14

In these lectures G SUCH
P is topologically trivial
SUCH simply connected

Denote by Am the space ofconnections on P

identify Am with ICM g Lie algebra valued

coordinate notation Aa c Am
I forms

taught Le algebra generator

Definition gauge transformation

G Map M G space of smooth maps
from M to G

g A g Ag g day AE Hy g e g



infinitesimal g Hf Air Ai Die
with Die 3 is Ai E

Definition curvature

Fa DA A RA E GYM g
Definition Chern Simons functional
For A e Am we put

CS A ftpyTrfArdAtZArAnA
Proposition 1

A critical point of the Chern Simons

functional is a flat connection

Proof
Consider a one parameter family of connections
At At ta Then

CSC Atta CSCH ftpyTrfFara t0Ct2
exercise

CS is critical at A E o
a



Proposition 2

Let M be a compact oriented 3 manifold
with 2M 0 Then we have

CSCg A CHAI ftp.gyTrfArdggY fmg r

where T is the volume form of SUCH
g r

2
IT g dgrg dgrgtdg

Proof

g A g AgtgdggtI g Eg where Fa D At AAA

CSCg A fyTr g Ang E zgAngAngA

ftpyTrfAntI gtdgrg Eg

dAfgg

i ArArdgg i

2 g rtgdgrg gg Ag type

g dgg dgrg'Ag perm
D Andgg ArdgrgIdg g

2 fmTfAnArA a



Set now 214 2 Riemann surface

Denote by Q a principal G bundle over E

For G SUCH Q E 2x SUCH since Sue2

simply connected

Denote by by the space of connections on Q

We have de a E ay
On de there is non degenerate anti symmetric

bilinear form w defined by
WH p Tr ans as c a Eg

with dw 0

Ae has structure of infinite dimensional
symplectic manifold

By Prop 3 I 7 line bundle 2 our log

and a connection 0 an L s t w c o

first Chern class Quantization of Ae

In the following we shall construct L

Denote by Ge the gauge group of Q
Eye Map E G



For a e ta and g E Ge let It be an extension

of a an M and G M G an extension of
g as a smooth map from M to G

Set
cca g exp 2e Ft Cs g A CSCAD

More explicitly
da g expat ft ftp.T g agrg dg

m
fg r

WessT2umi
term

Summarizing we have

Proposition 3

Let M be a compact oriented 3 manifold
with boundary E For a connection A of
a principal G bundle P over M and a gauge

transformation ge Map M G we have

exp 2T Ft CS gA da g e expfanficSCAD
where g s

denotes the restriction of guns

Let a c be Define Lsa as the set ofmaps



fi Map E G E satisfying

fce.gl da g feel geMap E G
L ga is t dimensional complex vectorspace
with Hermitian inner product

Prop 3 exp 2e Ft CSCH C Le a

Far E with reversed orientation
we have L g a I E a

Let M M UM with 2M and

2M E

8

M M z

Let It be a connection on M and A

and As its restrictions on M and Ma

x restriction of A ar E

exp 2e Ft CSM.CAT eLga exp 2eiftCsmfAzDeIs



Using the canonical pairing
a L s

E

we get

expfar Fl CSMftp.sexpfsu
FICSM.CA expfetFICSM.CA

Denote by y Ost El a one parameter

family of connections of a G bundle

Q over E
regard y as connection over Ex oil

CS go.is defines a map

expfsu ficsz.com 4 Le G

Yet he be a topologically trivial line bunde

over Az For a path ye Ost e I in Ac

lift to the total space of Le
connection 0 on Lz with her sections

given by above lift
can verify c G w



Lift action of gauge group Geto Le

Define me AeHq time
Marsden Weinsteinquotient

moduli space
of flat G connections

on

complex line bundle L on Me
The Chern Simons partition function for
a 3 manifold 14 is formally written as

2 n M I explainKCSCA DA
mtg

suppose that M is oriented 3 manifold
with boundary E Have shown

exp sr Ft K CS A e Lex
AM a space of G connections on M whose

restriction on E x

Restrict the path integral in to Am a

since expfer Ft kCs g A Ccg a expfertKOCA

2k M is section of complex line bundle L


